SYMPLECTIC CRITICAL SURFACES IN KAHLER SURFACES 

XIAOLI HAN, JIAYU LI 

L^ ' Abstract. Let M be a Kahler surface and E be a closed symplectic surface which 

^— V I is smoothly immersed in M. Let a be the Kahler angle of S in M. We first 

^\j ' deduce the Euler-Lagrange equation of the functional L = J^ ZI^^M iii the class 

1^ , of symplectic surfaces. It is cos^ aH — (J(JV cos a)^)^, where H is the mean 

Q ' curvature vector of S in M, J is the complex structure compatible with the Kahler 

^^ , form to in M, which is an elliptic equation. We then study the properties of the 
equation. 



O ' 1- Introduction 

. ! Suppose that M is a Kahler surface. Let a; be the Kahler form on M and let J be 

'■^ I a complex structure compatible with to. The Riemannian metric (, ) on M is defined 

•^ ■ by 

{U,V)=uiU,JV). 

For a compact oriented real surface E which is smoothly immersed in M, one defines, 
following [4], the Kahler angle a of S in M by 

^|s = cosad/is (1.1) 

where d/iE is the area element of E of the induced metric from (, ). We say that E is 
a holomorphic curve if cos a = 1, E is a Lagrangian surface if cos a = and E is a 
symplectic surface if cos a > 0. 

C^ ! It was conjectured by Tian [6] that every embedded orientable closed symplectic 

surface in a compact Kahler-Einstein surface is isotopic to a symplectic minimal 
surface in a suitable sense. 

^ ■ If the Kahler-Einstein surface is of nonnegative scalar curvature, a symplectic min- 

H ! imal surface is holomorphic. However, if the scalar curvature is negative, there are 

symplectic minimal surfaces which are not holomorphic ([!])• A symplectic minimal 
surface is a critical point of the area of surfaces, which is symplectic. It may be more 
natural to consider directly the critical point of the functional 



(N 
(N 



O 



IT, COS a 

in the class of symplectic surfaces in a Kahler surface. It is clear that holomorphic 
curves minimize the functional. The critical point of the functional is called a sym- 
plectic critical surface. 

In the paper, we first calculate the Euler-Lagrange equation of the functional L. 
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Theorem 1.1. Let M be a Kdhler surface. The Euler- Lagrange equation of the 
functional L is 

cos^ aH - {J{JV cos a)^)^ = 0, 
where H is the mean curvature vector of S in M , and 0"^ means tangential com- 
ponents of {), O"*" means the normal components of (). We call the critical point a 
symplectic critical surface. 

We checked that it is an elliptic equation. We derive an equation for the Kahler 
angle of a symplectic critical surface in a Kahler-Einstein surface. 

Theorem 1.2. If M is a Kahler-Einstein surface and H is a symplectic critical sur- 
face, then we have 

3sin^a — 2 12 ,-. s 2 

Acosa = Vq; — itcos asm a, 

cos a 

where R is the scalar curvature of M . 

As a corollary, we see that, if the scalar curvature R of the Kahler-Einstein surface 
M is nonnegative, then a symplectic critical surface in M is holomorphic. 

It is not difficult to see that, a non holomorphic symplectic critical surface in a 
Kahler surface has at most finite complex points. Moreover, we can show that. 

Theorem 1.3. Suppose that H is a non holomorphic symplectic critical surface in a 
Kdhler surface M . Then 

1 r iVaP 
Ztt js cos^ a 

and 

1 r iVaP 
Ci(M)([E]) = -P--/ ^rf/i, 
Ztt Jt. cos"* a 

where x(^) ^-^ ^he Euler characteristic of S, x(^) ^-^ ^he Euler characteristic of the 

normal bundle ofT, in M, Ci(M) is the first Chern class of M, [S] G H2{M, Z) is the 

homology class of S in M , and P is the number of complex tangent points. 

From Theorem 1.3, we derive some global topology properties of a symplectic crit- 
ical surface. 

Theorem 1.4. Suppose that H is a symplectic critical surface in a Kdhler surface 
M. Then 

x(S) + xM>Ci(M)([S]), 

the equality holds if and only ifE is a holomorphic curve. 

Let g be the genus of S, /^ the self-intersection number of S, D^. the number of 
double points of S. Then 

x{^) = 2-2g, 

X(z/) = /e - 2De. 
Set 

Ci(S) = Ci(M)([S]), 

we have 
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Theorem 1.5. Suppose that H is a symplectic critical surface in a Kdhler surface 
M. Then 



27r Js cos^ a 

In forthcoming papers, we wiU use variational approach and flow method to study 
the existence of a symplectic critical surface in a Kahler surface. 

It is natural to conjecture that, in each homotopy class of a symplectic surface in 
a Kdhler surface, there is a symplectic critical surface. 

As a start point of studying the gradient flow of the function L, we derive the 
evolution equation of cos a along the flow, which implies that the symplectic property 
is preserved. 

2. The Euler-Lagrange equation 
Let {0t}o<<<i be a 1-parameter family of immersions S — i> M such that (po = F 



and S( = 0t 
ie X = ^ 



'S) are symplectic. Also, let X denote the initial velocity vector for 0^, 
. We denote by V the covariant derivative and by K the Riemannian 
curvature tensor on M. Furthermore, V, R denote the covariant derivative and the 
Riemannian curvature tensor of the induced metric g on the surface Sq. 

We start from computing the flrst variation of the area for this one-parameter 
family of surfaces, which is in fact well-known. 

Proposition 2.1. The variation of the area ofJ^t is 

d 

-K:dl^t\t=o = (divX^ - X ■ H)dfj,t 

Proof. The proof is routine (c.f. [5]). Fix one point p G S. Let {x^} be a normal 
coordinate system for S at p. Around p we choose the local orthonormal frame 
{ei,e2,V3,V4} on M along Sj such that {ei = d(j)t/dx\e2 = dcpt/dx^}, {v^jV^} are in 
the tangent bundle and in the normal bundle of S^ respectively. For simplicity, we 
denote 6,(0) = ^ by e, and identify it with di = ^, i = 1,2. We also denote Va{0) 
by Va, a = 3,4. Furthermore, we assume that Ve^ej = at p. Suppose that, in this 
frame X takes the form X = X'a + X"t;„ and {gt)ij = (fj, |§). Then, 

^|t=o = ^^\t=o{d<Pt/dx\ d<\>tldx^) = (Ve,X, e,) + (e„ V^.X) 
= (Ve,(X^efc + X%«), e,) + (e„ Ve, {X'ck + X"t;„)) 



It is easy to get that 



d 1 .. 

= {divX^ - X ■ H)djj. 

Q.E.D. 
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Theorem 2.2. Let M be a Kdhler surface. The first variational formula of the 
functional L is, for any smooth vector field X on S, 

fX-H, f X -UUV cos ay ))^ , , , 

bxL = -2/ dfi + 2 ^^ ^^^d/i, 2.1 

Jt, cos a Jt, cos^ a 

where H is the mean curvature vector ofT, in M, and ()"'' means tangential compo- 
nents ofO, O"*" means the normal components of{). The Euler- Lagrange equation of 
the functional L is 

cos^ aH-{J{J\/ cos ay y = 0. (2.2) 

Proof. We use the frame that we choose in Proposition 2.1. From the definition of 
Kahler angle (1.1) we have 

iu(d(j)t/dx^,d(l)t/dx'^) 
cos at = 



/detigt) 
where det{gt) is the determinant of the metric (gt). So, the functional can be written 



as 

^* = ^(<^*) = / ,.. /f/^£ /. 2, d^' A dx\ 
Jt. uj{o(f)t/ox\d(f)t/ox^) 

Thus using Proposition 2.1 we have, 

d. . f fdtgij\t=og'^ dtij{d(f)t/dx\d(f)t/dx^)\t=o , . s , i . , 2 

-7- t=o^t = /( — r \ 97 N )det{g)dx A dx 

dt JT. c<j(ei,e2) c<j^(ei,e2J 

,2divX^ - 2X ■ H . r-—-, 1 , 2 

) \ aci[ g)dx A dx 

cos a ^ 

-i^e.X,e,)+u.ie„V,,X) ^ ^^, 

/s ~ cos^ a 

= I + 11. 

Since S is closed, applying the Stokes formula, we obtain 

, 2(X, ei) Vei cos a + 2(X, 62) Vea COS a 2X ■ H . 



s ■ cos^ a cos a 



det{g)dx^ A dx"^ . 



Vei(a;(X,e2)) -a;(X, Ve,Ve,F)^ , ^ ^ , 



The second term is 

-dx^ A dx 



cos^a 



Ve,ii0iei,X))-iu{Ve,Ve,F,X), ,,2 



cos^ a 



Ve,(a;(X,e2)) + Ve,(u;(ei,X))^ , ^ ^ , 



E cos^ a 



-dx A dx 



cj(X, 62) Vei COS g + c^(ei, X) Vg^ cos a i a^ 2 
cos^ q; 
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where we have used the fact that uo is parallel. In the following, we compute point- 
wisely so we assume the frame is orthonormal. Note that, 

cu(X^,e2) = -(XT,Je2) 

= -(X,ei)(ei, Jes) 
= (X, ei)cosQ;, 

and 

cu(ei,X^) = (X^,Jei) 

= (X,e2)(e2, Jei) 
= (X, 62) cos a, 

we separate the second term into two parts, 

jj = _2 f (-^>ei)VeiCosa (X, e2)Ve2 cosa 
Js cos^ a cos^ a 

f c<j(X-'-, e2)Vei cos« + c<j(ei,X-'-)Ve2 cosa 
Jy; cos'^ a 

Therefore, we obtain that, 

d fX-H f uj{X^,e2)Ve,cosa 

-T:\t=oLt = -2/ d^-2 d/x 

at Jy; cos a js cos'^ q; 

_ r c^(ei,X-^)Ve, cosa 
Jt, cos'^ a 

Because 

(JVcosa)''' = (JeiVei cosa + Je2Ve2 cosa)''' 



(Jei, 62)62 Vei cosa + (J62, 61)61 Vej COS a; 

(62 Vei COS a — 61 Vea COS a) COS a, 



we have 



-T:\t=oLt = -2 / d/i 

at Jt, cosa 



-2 / ^(^MiVcosoT) 

Js cos^ q; 

/• X-H , 

= -2 / dfi 

JT, COS a 

JE COS'* a 

This completes the proof of the theorem. 

Q. E. D. 

For later purpose, and to understand the equation, we express (J(JV cos o;)'''))-'- 

at a fixed point p in local frame. Let {61,62,^1,^2} be a orthonormal frame around 
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p G E such that it is normal at p and u, J take the forms (cf. [3], [4]), 

u = cos aui Au2 + cos au^ A 1x4 + sin aui Au^ — sin au2 A U4, 
where {mi,M2,M3,M4} is the dual frame of {61,62,^3,^4}, and 



(2.3) 



J 



/ cosa sin a \ 

— cos a — sin a 

— sin a cos a 
sin a — cos a J 



(2.4) 



Then 



(J(JV cos «)T))- 



Furthermore, 



9i cos a 



( J(cos q;9i cos a62 — cos 082 cos 0:61))"'" 

— cos a sin a^i cos af 4 — cos a sin ad2 cos a^s 

cos a sin^ «(9ia;t;4 + cos a sin^ a;(92Q;f 3. 

= C^(Vei6i, 62) + Uj{ei, Vei62) 
= K^{JVa, 62) + h^2{Jei, Va) 



{h 



h 



12, 



sma. 



Similarly, we can get that, 

82 cos a = (/i22 + ^12) sin a. 
Set y = d2av3 + diav^. Then 

V = -{hl2 + ht2)v3 - {ht, + hl2W 

And consequently the Euler-Lagrange equation of the function L is 

cos^ aH — siv? aV = 0. 



(2.5) 
(2.6) 



0. 



or equivalently, 

H - sin^ a{H + V) 
It is not difficult to see, roughly, the symbol of the equation is 

_ / (1 - sin^ a)^'^ + rf (sin^ 0)^.7] \ 

"^ •" l^ (sin^ a)er7 C' + (1 - sin' c^jT]"" ) ' 

which enables one believes that the equation (2.2) is an elliptic equation. 
In the following, we give a detailed proof. 

Theorem 2.3. The equation (2.2) is elliptic. 

Proof. Assume that S is immersed in M by F. Let {x, y} be a coordinate system 
around p G S. Since S is smooth, by implicit theorem we can write E as the graph 
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of two functions f,g in a small neighborhood U of p, i.e, F = {x, y, f{x, y),g{x, y)) in 
U . Suppose that the complex structure in the neighborhood of F{p) is standard, i.e, 



J 



/ -1 \ 

10 

0-1 

V 1 ; 



We choose ei = ^ 



df dg' 



dF 
dy 



(0,l,|{,|f)andt;3 = (-S,-|{,l,0) 



%' dy 



dx ' dy '• 



and ^4 = (- 
this basis is 



■^,—^,0,1). Then {ci, 62,^3, W4} is a basis of M. The metric of S in 



and the inverse matrix is 
.. 1 

^^^'^ = d^tM 



l + (i^)' + ^^^' 



9/9/ I dg_dg_ 
dx dy dx dy 



^dx' 



df_df_ _|_ dg_dg_ 

dx dy dx dy 

1 + (^)2 _^ ^^^2 



_d£df _ dg_dg 
dx dy dx dy 



-dy' ^dy 



_df_df_ _ dg_dg_ 
dx dy dx dy 



^ dx ' 



- dx' 



It is easy to see that 



cosa 



u;(ei,e2) (^£1,62) 



det((?) Jdet(^) 



X I dj_dg_ _ dg_df_ 
dx dy dx dy 



and 



sin^ a 



det(g') - (Jei,e2) 
det(5f) 



dei{g) 



2 f^ _ ^"12 I (Or. _|_ df_\2 



- dx dy ' 



+ 



^ dx dy ' 



det((7) 



(2.7) 



(2.8) 



We express the Euler-Lagrangian equation (2.2) of L explicitly in the following. 
We know that, 



Vcostt 



, 11 9 cos q; ir,(9cosQ; 
{9 ^:n-^9 



dx dy 

1 , (9 cos a (9 cos a 



, , 19 (9 cos a 99 

)ei + ((?'' 



9a; 



+ r 



det((7) dx 



d cos q; , 

dy ' 

(9 cos a 



)e2 



fi'12- 



dy 



)ei 



det(^) " 9i/ 



912- 



(9 cos a. 



(9a; 



je2 



:= Aei + fiea. 
Set c = 1 + f-|2 _ |a|/ o = |2 + |/5=|/_|£. Then we have. 



dx dy dx dy ' 

(J(JV cos a)"^) 



dx dy' 



dx dy ' 



{J{A 



{Jei,e2) 



|e2| 



62 + 3 



{Je2,ei) 



|ei| 



ei))- 



AcosaJdet(5f) BcosaJdetg ,, 
(J( :^ 62 ei))- 



fi'22 



9u 
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I 12 ^3 + I 12 ^4 



Bcosa^det{g) (Je^^vs) {Jei,V4) 



V3 H , — p^—V4) 



911 \v3\ l^4r 



1 AcosaJdet{g) B cosaJdet{g) 
-. — r^[ b H ^- a\v3 

I ^3 1 922 9ii 



1 AcosaJdet{g) B cosaJdet{g) 

] — f?[ « ^]^4, 

1^41 922 9ii 

cos a ^.dcosa qi2dcosa.. 



^Jdet{g) dx ^22 dy 



,dcosa gudcosa^ , 
dy gii dx 
cosa ..(9 cos a (712190080;, 

yy^Ki — z. — H^)« 



\vi\'^^dei{g) 9x ^22 <9y 

Scoso; (?i2 9cosa 



Sy 5^11 9a; 



-)&]^4. 



On the other hand, we have 



o ^^ cos^a, n,9^F \ ^2, 9^F \ 22/^^-^ n\ 

™"'' = T^i" <&^-"»>+« W'"'*^'' <v'"*"' 



|f4p 9a;2 (9x(9|/ (9|/ 

cos^a , (9^/ ^ (9^/ (9^/, 

■[922Tr^ - ^9l2TrTr- + S'llTT^j^S 



|t>3pdet((7) dx"^ dxdy dy"^ 

cos^a d^g d^g d^9\ 

{922Tr^ - 29i2TrTr + 9llTr^)V4. 



\v4\'^ det{g) dx"^ dxdy dy 

Therefore (2.2) can be written as a systems, 

c' , d^f d^f d^f. 

:{922^-^ - 25-12^-^- + 911- 



(det((y'))^ dx"^ dxdy dy"^ 

1 ^(9 cos a 5^12 . , (9 cos a 5^12,., 
■(0 a) H (a b)\ 



det{g) 9x gn dy ^22 

c^ (9^(7 (9^(7 d'^g 

:{922Tr^ - ^guTTTT + 9ii- 



(det((y'))^ 9a;^ (9a;(9i/ (9y^ 

1 ,9cosa,_ ^^^_9coso^^^^^^^^^^ ^2.9) 



det(^) 9^ 9ii dy ^22 
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It is not hard to check that, 



dcosa 1 .d'^f.dg df dfdgdg df df dg 

dx (x/det(q)Y ^^"^ ^V ^^ dy dx dy dx dy dx 



dy dx dy dy dy dx dy 

9"^ 9 , 9f dg df df dg df dg dg 

dx'^ dy dx dx dy dy dx dx dy 

_^(^)2 _ ^r^\2 __ c^N3 _ ^c^^2^ 
dy dx dy dy dy dx dy 

d'^f , dg df dfdgdg df df dg 

dxdy dx dy dx dx dy dx dy dy 

dx dx dx dy dx dy dx 

9^9 / 9f dg df df dg df dg dg 

dxdy dx dy dx dy dx dy dx dy 

dx dx dx dy dx dy dx 

(9V d'^g 

+^~^~(^5'iia + gi2b) + -^-^-{9iib + 9i2a)]- 
dxdy dxdy 



Similarly, one checks 

dcosa 1 d'^f , ,, d'^g , . , 

d'^f d^g 

+ ^~^~(5'i2« - 922b) + ^-^-(-5-220 - gub). 
dxdy dxdy 

Putting these two equations into (2.9), then (2.9) can be simplified as, 

9 f . 2 T , fi'12 2 , t2 922912 ,x 

Tr^{922C -fi'i2aOH a +5-220 ab) 

dx^ gii gii 

Q2 j- 2 2 

+ ^^(-25i2C^ + 9iia^ - 2^120^ - 25i2&^ + — a6 + — a6 + g22ab) 
dxdy gii 522 

,9f/ 2 I 2 u 9n9i2 , , 9i2i2\ 
+ Tr^(fl'iic + 9iia - guab ab -^ b) 

dy^ 5-22 5-22 

d'^g g22gi2 2 , ,2 9I2 ,N 

+ Tr^{922ab a + g^b ab) 

dx^ gii gii 
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and 



dxdy 



dy^ 



5-1 1 to 

2 
, , fi'llfi'12,2 2 , 9\2 i\ n 

-g\\ab H o — (^120 H ab) = U, 

6*22 5*22 



d^g 

dx"^ 
d^g 



gii 



{g22C^ + g22a^ + -^h'^ + gi2ah + 



g22gi2 
gn 



ab) 



gi2 



gh 



dxdy 
d'g, 



'-2gi2C - guab - 2gi2a - 2gub ab ab - g22ab) 



dy'^ 



\\(? + g\\b^ + g\2oh 



g\\ 
2 
g\\g\2 , , 5*12 2\ 

ab H — —a ] 



fi'22 



fi'22 



5'22 



2 , 5'22fi'l2,2 , T 5*12 ,x 

o 2 V -gv2a H 6 + g22ah ab) 

ox^ gn gu 



^'^ ' ^ ^'H''-g22b' 



dxdy 



dy"^ 



igua' 
-guab - 



gu 

giigi2 2 
a 

fi'22 



^a^) 

fi22 



fi22 



g^^b' + ^a6) = 0. 



For simplicity, we write the systems as 



^11774 + ^12 TT^ + ^22 7^4 + 5llTr4 + ^12 



c 



11 



(9x2 

5x2 



c 



'dxdy 



12" 



c 



'(9t/2 

92/ 



22" 



+ /^i: 



9x2 
9x2 



L) 



dxdy 
d'g 



12" 



-B22 
/^22 



(9|/2 

dy^ 



0, 
0, 



dxdy dy^ dx"^ dxdy 

where Aij, Bij, Cij and Dij are defined clearly {i,j = 1,2). So the symbol of the 
systems is 

^ / ^11^2 + ^12^^? + ^22^72 5x1^2 + Bi2^V + ^22^72 \ 
"" • 1^ Cue + Cu^V + C22V^ Due + Du^V + D22V^ J ' 

A simple computation yields 



detfa) 



c 



-{gn922V + fi22^iir + 2fi^ifi22^^ 

fi22fill 

+4fi?2fiiifi'22^^^^ - 4^gi2g22gu^v^ - 4^gi2giig22^^v) 

+ — -{glig22V^ + fillfil'2^^ + fi22fillC^ + fi22fi?2^' 

fi'llfi22 

+2511^22^^^^ + ^0gu9lig22^'^V^ - 6fil2fi22fill^^^ 

-6fii2fiiifi22^^^ - 2fii2fiii^^^ - 2gl^g22^^v) 

c\g22e + giiv^-'2gi2^v? 

+C2(a2 + 62)(^22e' + fill^' - 3fil2e^)' 
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+ (^11^12^^ + ^22^12^^ + 9u9ll922^^V 



2 „2 „4 I „2 „2 t4 I „2 „ „ (-2„2 

— l.V 

fi'llfi'22 
3 „ t„3 o„3 „ t3„ 



Using the inequality det{g) = gug22 — Qu > 0^ ^^ have 
det(a) > c\g22e + 9iiv' - '^gu^V? 

+c\a^ + h''){g22e + giiri^ " 3(?i2e77)2 
^{a^ + l?)g\^ 2 , .2 . ^2 

911922 

> 0. 

Therefore the equation (2.2) is elhptic. This proves the theorem. 

Q. E. D. 

3. Equations of the Kahler angle of the symplectic critical surfaces 

In the sequel, we always choose the orthonormal basis {ei, 62, f 3, V4} on M along S 
such that {ci, 62} are the basis of S and ui takes the form as (2.3), and the complex 
structure J on M takes the form as (2.4). 

Let TS, NT, be the tangent bundle and the normal bundle of S in M respectively. 
The second fundamental form A : TS x TS 1-^ NT is defined by A{X, Y) = (Vx^)"*" 
for any tangent vector fields X, Y. The operator B : TS x NT \-^ TT is defined by 
B{X,N) = {VxNy, N e NT. Here 0"^ denotes the projection from TM onto TT 
and 0^ denote the projection onto NT. Evidently, 

{A{X,Y),N) = -{Y,B{X,N)). 

Proposition 3.1. Let M be a compact Kahler surface with Kahler form u and J be 
the complex structure compatible with u on M. If T is a closed symplectic surface 
which is smoothly immersed in M with the Kahler angle a, then 

Acosa = cosa(— |/i"^^ — /i2fcP — |/iife + /i2fcn 

+ sma{H\ + Hi) - '-^{K,2i2 + ^^1234). (3.1) 

cos a 

where K is the curvature operator of M and H^ = {\/^.H, Va) ■ 
Proof. It is evident that 

Acosa = A ' ^ = Ac<j(ei, 62) cos aAgijg"^^ . (3.2) 

Vdet (g) 2 

Using the property that Vcj = 0, we obtain that, 

Auj{ei,e2) = VefeVefeCj(ei,e2) 

= ^(VefeVe.ei, 62) - cj(Ve, Ve,e2, ci) + 2a;(Ve,ei, Ve.ea) 
= c^(Vefe(Ve,ei + A{ek, ei)), 62) - c^(Vefe(Ve,e2 + A{ek, 62)), ei) 
+2uj{A{ek, ci) , A{ek, €2)) 
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= cj(VefeVefeei, 62) + u;{A{ek, Ve^ei), 62) + cj(VefcA(efc, ei), 62) 

-u;(Ve, Ve,e2, ei) + cj(A(efc, Ve,e2), ei) - cj(VefeA(efc, 62), ei) 

+2Lj{A{ek,ei),A{ek,e2)) 
= cosa(VefeVe^ei,ei) + cosa(VefcVefee2, 62) 

+cj(VefeA(efe, ei), 62) - cu(Ve,A(efe, 62), ei) 

+2u;(A(efe,ei),A(efe,e2)). 
It is not hard to check that 

-cosaAgijg'^ = -cosaA{ei,ej)g'^ 

= cosa{Ve^'Ve^ei,ej)g'^ 
= cosa(VefeVefeei,ei) + cosa(VefeVe;,e2, 62). 
Putting the last two identities into (3.2) and by (2.3), we obtain, 
Acosa = u;(VefeA(efc,ei),e2) -c^(Ve,A(efc,e2),ei) 
+2uj{A{ek, ei) , A{ek, 62)) 

= ^(ye^hlkVa), 62) - w(Ve,(/i2fc^a), Cl) + 2ij{h^i^V^, h^^^Vp) 
= ^{Kl,kVa - KlKl^l, 62) - ^{hl2,kVa - K2Kiei, Cl) 
+2^(^?fc^a,/i2fc^/3) 

= cosa{-{h-,,r - {h^,r + 2hl,ht, - 2h\A) 

+^ihkk,l'^a - KaklkVa, 62) 
-^{Kk,2^a - Kak2kVa, Ci) 

= cosa{-{h-,,y - {h^,f + 2hl,ht, - 2h\A) 
+ sma{H\l + H^,2) 

- sma{K4kik + K3k2k) 

= cosa{-{h'^k)' - (h^k)' + ^hl,htk - 2h\khlk) 
+ sma{H\ + H%) 

- sin a{K 121Z - Ki22a). (3.3) 
Since J is integrable, we have 

7^1212 = -^'(ei, 62, Jei, Je2) = -ft'(ei, 62, cosQ;e2 + sinQ;t>3, — cosaei — sinQ;t>4) 
= cos^ cyKi2i2 - sin^ Q;-ft'i234 + sin a cos Q;(i^i2i3 - -^1224)- 
We therefore obtain 

sina(iri2i2 + -ft'1234) = cosa(i^i2i3 - -^'1224)- (3.4) 

Then adding (3.4) into (3.3), we get that, 

Acosa = cosa(-(/i?,)2-(/^^,)2 + 2/i?,/i^,-2/itA) 
+ sina(/7t + H\) - ^^(i^i2i2 + ^^1234). 

cos Oi 
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This proves the proposition. 

Q. E. D. 

Lemma 3.2. Suppose that M is a Kdhler surface. We have 

Ric{Jei, 62) = Ric{ei, Je2) = (-^1212 + -^1234)- (3.5) 

cos a 

Proof. From the Bianchi identity we see that, 

4 



Ric{Jei,e2) = ^ -/^(Jei, ca, 62, ca) 

A=l 

4 

= ^ i^(Jei,eA, Je2, Jca) 

=1 
4 4 

J2 K{Jei, Je2, Jca, e^) - J2 ^(■J'^i^ -J^^a, Ga, ^63) 



A=l 

4 



A=l A=l 

4 4 

= Yl -^(^1' ^2, eA, Jca) - Yl -^("^ei, Jca, 62, Jca) 

A=l A=l 

4 

= ^ ir(ei,e2,eA, Jca) -i?ic(Jei,e2), 

A=l 

where we have used the fact that { Je^} are also orthonormal basis of M. Using (3.4) 
we get that, 

Ric{Jei,e2) = -K{ei,e2,eA, Jca) 

= sin a (7^1213 - ^^1224) + cos a(ii'i2i2 + ^1234) 

= (-^1212 + -^1234)- 

cos« 

Since Ric{ei, Je2) = -Ric{Je2,ei) = -^K{e2,ei,eA, Jca) = |-ft'(ei, 62, e^, Je^), it 
follows that 

Ric{ei, .162) = Ric{Jei, 62). 

This completes the proof of the lemma. 

Q. E. D. 

Theorem 3.3. Suppose that M is Kdhler surface and H is a symplectic critical surface 
in M with Kdhler angle a, then cos a satisfies, 

. 3 sin^ a — 2 2 • 2 / r^ r^ \ 

Acosa = Vq; —cos asm a (A 1212 + -fi 1234) 

cosa 

3 sin^ a — 22 2 27-,/t 

= Vq; —cos asm ait^cfJei, 62). (3.6) 

cos a 

Proof. If S is a symplectic critical surface, then H = '^'"o" !/. It is easy to check 
that, 

{h\,-h\,f^{h\,^h\,f = \H\' + 2\V\' + 2H.V 
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cos* a cos"^ a 

1 + cos'' q;,„ ,n 

i iVap, 

cos^q; 



and 



H\ + H\ = (9i — ^9i« +(92 — ^^sa 
COS"' a cos"' a 

= — —Aa + 2 — ^Va^ 
cos^ a cos-^ q; 



sma 2\ sma ^ 

' A cos q; — cos a; Vq; ) + 2 ^ — Vo; . 



cos^ a cos^ a 



Putting these two equations into (3.1), we obtain that, 



,2 



— 1 — cos a + 2sin a — sin a cos a, ^ .o sin a. 

Acosa = |Vq;| — Acosa 

cos"^ a cos"' a 

sin^ a 

(-f^l212 + -f^l234j- 

cos a 
Lemma 3.2 imphes that, 

. 3 sin^ a — 2 . _ . 2 . 2 / r^ r^ \ 

A cos a = |Vq;| —cos asm a (A 1212 + -f^ 1234 J 

cos a 

3 sin^ a — 2._.2 n •2tt/t \ 

= |Vq;| —cos asm aKtc[Jei,e2)- 

cos a 

This completes the proof of the theorem. 



Q. E. D. 



Corollary 3.4. If M is a Kdhler- Einstein surface with scalar curvature R, and S is 
a symplectic critical surface in M with Kdhler angle a, we have 

^ 3sin^a — 2 ,2 n 3 • 2 

A cos a = Va —it cos asm a, 

cos a 

if in addition, we assume that R > 0, then the symplectic critical surface T, is a 
holomorphic curve. 

Proof. Suppose that M is a Kahler-Einstein surface with scalar curvature R, we 
have 

Ric{Jei,e2) = cosai?22 = cos ai?. 

The identity in the corollary follows. The second statement of the corollary follows 
from the maximum principle. This proves the corollary. 

Q. E. D. 
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4. Topology of the symplectic critical surfaces 

In this section we will analyze the topology properties of the symplectic critical 
surfaces. At a point p G S with a{p) = the tangent plane TpE of M at j9 is a 
complex line in Tp(^p)M. So such a point is called a complex tangent point. We recall 
some equations obtained by Wolfson in [8] (also see [7]). We write the metric of M 

as 

/3=-l,l 

the induced metric on S can be written as 

(is| = o 0, 

where is a complex valued 1-form defined up to a complex factor of norm one, 
furthermore, one can assume that 

^1 = cos(-)0, cj_i = sin(-)0, 

where a is the Kahler angle. 

Suppose that the complex second fundamental form of S in M is 

//^ = a02 + 2600 + C02. 

Relative to the coframe field uj^i, uJi, there is a unitary connection ujpy which 
satisfies 

dup = ojp^ A cu^, ojp^ -\- uj-y j3 = 0. 
We set 

cos(a/2)cJi + sm(a/2)iu_i = 9i + \/^^2, 

sin(a/2)c<Ji — cos(q;/2)u;_i = ^3 + V— 1^4, 

where ^fe. A; = 1, ■ ■ ■ , 4, is an orthonormal coframe of the Riemannian structure of M. 
So, along S we have 

sin(Q;/2)c<Ji — cos(a/2)c(}_i = 0, 

it follows that ([7] (1.6), [8] (2.18)) 

-{da + sinQ;(c<j_i^i + ouii)) = a0 + 60. (4.1) 

The relation between the real second fundamental form and the complex second 
fundamental form is given in [8] (Section 2), 

( hi hl\ . n-r( hi h^ ^ 



11 '^12 _|_ ^ATY 11 12 

12 ^^22 / \ hi2 '^22 



We therefore have 



b = hH^ + V^H^). (4.2) 
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Using the equation (4.1), (4.2) and (2.2), we see that, on the symplectic critical surface 

we have, 

(9 sin a 
g^ = (sina)/i, 

where /i is a smooth complex function, C is a local complex coordinate on S. By Bers' 
[2] result, we have 

Proposition 4.1. A non holomorphic symplectic critical surface in a Kdhler surface 
has at most finite complex points. 



Set 




g{ci) = ln(sin^Q;). 




Then using the equation (3.6), we obtain 




Ag(a) = -2 VaP-2-^^^^Acosa 
^^ ' ' sm^a 


, cos^ a 
sm a 



= -4|Va|' + 2cos'a(iri2i2 + i^i234). (4.3) 

This equation is valid away from the complex tangent points of M . By the Gauss 
equation and Ricci equation, we have, 

R\2\2 = -^^1212 + ^11^22 ~ (^12) 
-R1234 = -^^1234 + ^lA:^2fc ~ ^lfe^2fc? 

where -R1212 is the curvature of TS and -R1234 is the curvature of NH. Adding these 
two equations together, we get that. 



i^i2i2 + -^^1234 — -R1212 + -R1234 ^ 7:\H\ 



2' 

+l{{hi, ' ht,r + {ht, + hi,)') 

-R1212 + -R1234 + 1^1 + H ■ V 

1 2 

-R1212 + -R1234 H 5 — Va . 

cos"^ a 







-R1212 + -R1234 — 


lAg{a) 
2 cos^ a 


cos^ a 


Int( 


egrating 


the above equality over E we 


have. 








27r(x(TS) + x(iVS)) = 


= -27rP- 


is cos^ a 



where x{T^) is the Euler characteristic of S and x(A^S) is the Euler characteristic of 
the normal bundle of S in M, P is the sum of the orders of complex tangent points. 
We therefore proved the following theorem. 
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Theorem 4.2. Let H be a non holomorphic symplectic critical surface in a Kdhler 
surface M . Let P denote the sum of the orders of complex tangent points. Then 

1 r iVaP 
X(TS) + x(iVS) = -P-— ^^rf/is. 

Remark 4.3. Let H be a symplectic critical surface in a Kdhler surface M. Then 

X(TS) + x(iVS) < 0. 

Similarly, we can show, 

Theorem 4.4. Let H be a non holomorphic symplectic critical surface in a Kdhler 

surface M , then 

1 /■ iVaP 
F*ci(M)[S] = -P--/ ^rf/xs. 

where ci(M) is the first Chern class of M and [E] is the fundamental homology class 
of^. 

Proof. By (4.3) we also get that, 

^g{a) = -AlVal"^ + 2 cos^ a Ric{ J 61,62) ■ 

Note that Ric{J6i, e2)(i/is is the pulled back Ricci 2-form of M by the immersion F 
to E, i.e, 

F*{Ric^) = Ric{J6i,62)dfij^. 
Thus, 

P*/c.- mn /l^(?(a) „r^ap^ , 

F [Ric = —- + 2 — —)dfij^. 

2 cos'^ a cos'^ q; 

Integrating it over S, we obtain that, 

27rF*ci(M)[S] = -2nP- / ^^rf/xs- 

Js cos'^ a 

This proves the theorem. Q. E. D. 

Remark 4.5. If J] is a symplectic critical surface in a Kdhler surface M., then 

F*ci{M)[N] <0. 

Corollary 4.6. Suppose that H is a symplectic critical surface in a Kdhler surface 
M. Then 

x(TS)+x(iVS)>F*ci(M)[iV]. 

and the equality holds if and only if H is a holomorphic curve. 

Proof. It is easy to see that F*ci{M)[N] < x(TS) +x(A^S) and the equality holds 
on the holomorphic curves. We need only prove the necessary part. Suppose that 
F*ci{M)[N] = x(TS) + x{N^), then 

VaP , f |Vap , 



s cos^ a Js cos^ a 
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That means, 

Js cos^ a cos a 
which imphes that cos a = 1, i.e, S is a holomorphic curve. 

Q. E. D. 
Recall that the degree of a map F : S — i> M is defined by 

degS = - f F*uj. 

Corollary 4.7. Suppose that H is a non holomorphic symplectic critical surface in a 
Kdhler-Einstein surface M with scalar curvature —R > 0. Then 

1 1 /■ iVaP 
-i?degS = P + — / ^^dfi. 

2 In JE cos'^ a 

Proof. It simply follows from (4.3). The detail is left to readers. 

Q. E. D. 
Let g be the genus of S, /^ the self-intersection number of S, Dy. the number of 
double points of S. Then 

X(S) = 2-2(7, 

xiiy) = h- 2Dy. 
Set 

Ci(S) = Ci(M)([S]), 

we have 

Theorem 4.8. Suppose that H is a symplectic critical surface in a Kdhler surface 

M. Then 

,_, 1 /■ (1 — cosa;)|Va;P , 
2-2g- ci(S) + I^-2Dj, = — ^ -^ ^-d^i. 



2-K JT. cos^ a 

Proof. It simply follows from Theorem 4.2 and Theorem 4.4. The detail is left to 
readers. 

Q. E. D. 

5. The gradient flow 

In this section we consider the gradient fiow of the function L, i. e, 

dF 1 

-— = cof?aH (J(JVcos«)^)^. (5.1) 

dt cosa^ \ I ) \ J 

We set 

/ = cos^ aH ^( J(JV cos a)^)^. 

cos a 

It is clear that, if / = 0, S is a symplectic critical surface. 

By the first variational formula of the functional L (Theorem 2.2), we see that, 
along the fiow, 

—- = -2 [ —\coi?aH (J(JV cos a)^)^|2rf/i 

dt Jt. cos'^ a cos a 
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s cos^ a 



Ifl'dfi. (5.2) 



By Theorem 2.3, we know that the equation (5.1) is a parabohc equation, and the 
short time existence can be shown by a standard argument. We set Sj = -F(S, t) with 

Using the same local frame as that in Section 2, the equation (5.1) can be written 
as 

dF ^ ^ - 

— — = cos^ aH — sin^ aV = f. (5.3) 

dt •' ^ ^ 

We compute the evolution of the area element of Sj along the flow. 
Lemma 5.1. 

—dfit = (— cos^ a\H\'^ + sin^ aV ■ H)djit. (5.4) 

Proof. It is easy to check that, 

d_ _ d dF dF _^,df dF 

di^"^ ~ 'dv'dx'''dxi' ~ W' ftr^^ 
- d'^F 

= 2(- cos^ aH'' + sin^ aK")/if^.. 
Here we have used the fact that Ve,ej = at the flxed point. Therefore, we have 

—dfj^t = -/ ■ Hdfit 
dt 

= {— cos^ alH]"^ + sin^ aV ■ H)diJ,t- 

Q. E. D. 

Now we derive the evolution equation of cos a along the flow (5.3), which can be 
seen as a start point of the study of the flow. 

Theorem 5.2. Let M be a Kdhler surface. Assume that a is the Kdhler angle ofEt 
which evolves by the flow (5.3). Then cos a satisfies the equation 

(- A) cos a = cos^a(|/ii^ — /i2fcP + |^2fc + ^ifcP) + cos^ asin^ Q;i?ic(Jei, 62) 

+ cosasin^ alffp — cosasin^ a\V + H\'^ , (5.5) 

where {ci, e2,f3,f4} is an orthonormal basis of TpM such that uj,J take the form 
(2.3), (2.4). 

Proof. Using the fact that Vc<j = and by Lemma 5.1, we have, 

d d u;(ei,e2) .^ / . .^ ^ . 1 d j- 

— cos a = — =uj{VeJ,e2) -uj{Ve:J ,ei) - -cos a— gijg-^ 

at (y'^ J det (gt) ^ ^'^ 



w(Vei/, 62) - uj{Ve2f, ei) + COS af ■ H. 
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By breaking Vei/ and Vej/ into normal and tangent parts, we get that, 
cc(Ve,/,e2)-cu(Ve,/,ei) = cu(V^/,e2)-cu(V^/,ei) 

+u;{Vlf,e2)-iuiVZf,e,) 

+uj{B{eu /), 62) - ^(5(62, /), ei) 
= c.(V^/,e2)-c.(V^/,ei) 

+ cos a{{B{ei, /), d) + (fi(e2, /), 62)) 
= cu(V^/,e2)-cu(V^/,ei)-cos«/-#. 
Combining these two identities we obtain that, 

^cosa = ^(Vj/,e2)-c.(V2/,ei) 

= cu(Vj(cos2 aH - sin^ aV), e^) - tj(V2(cos2 «iJ - sin^ aV), d) 
= cos^ a(cc;(Vji:f, 62) - cc;(V2/^, ei)) 

+cij((9i cos^ (xH, 62) — c<j(92 cos^ aH, e\) 

— cj((9i sin^ aV", 62) + cj((92 sin^ aV, e\) 

-sin2aKV^\/,e2)-cu(V^\/,ei)) 
:= I + II + III + IV. (5.6) 

By Theorem 3.1 we have 

/ = cos^ asina(i^^ — 1/2) 

= cos^ a(Acosa + con a\h\j^ — h\;^\'^ + cos a\h\;^ + /ii^^P + sin^ aRic{Jei, 62)). 
It is clear that 

// = iJ^ sin adi cos^ a + H^ sin a(92 cos^ a 
= —2 8111^ acosa{H'^dia + H^d2a) 
= —2 cos a sin^ aH ■ V. 
From the definition of V, we can see that, 

/// = — sinQ;(9i sin^ aSiQ; — sinQ;(92 sin^ q;(92Q; 
= — 2sin^ acosalVap 
= — 2sin^ acosalKp. 
Similarly, one obtains 

IV = — sin^ ac<j(V^((92af3 + (9iaf4), 62) + sin^ q;u;(V^ ((920:^3 + (9iQ;f4), Ci) 
= — sin^ a{uj{didiav4, 62) — uj{d2d2av3, ei)) 
= — sin^ aAa 
= sin^ aAcosa + sin^ acosalVciP 



tttCOSQ; = Acosa + cos^ Q;|/i"^^ — /igjfcP + cos^ a;|/i2fc + ^ifcP 
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= sin^ aAcosa + sin^acosa|Vp. 
Putting these equations into (5.6), we can obtain that, 
d_ 
di 

+ cos asin Q;i?ic(Jei, 62) — 2cosasin aH -V — cosasin a\V\ . 

This proves the theorem. 

Q. E. D. 

Theorem 5.3. Let M be a Kdhler- Einstein surface with scalar curvature R. Assume 
that a is the Kdhler angle ofJ^t which evolves by the flow (5.3). Then cos a satisfies 
the equation 

(- A)cosq; = cos^ a{\h\u — htA'^ + \h\u + h\A^) + Rcos^ a sm^ a 

at 

+ cosasin^ Q;|if P — cosasin^ a\V + if p, (5.7) 

where {ci, e2,t'3,t'4} is an orthonormal basis of TpM such that uj,J take the form 
(2.3), (2.4). And consequently, if T, is symplectic, along the flow (5.3), at each time 
t, S( is symplectic. 
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